Abstract In this work we are interested in the characterization of curves that belong to a given surface. To the best of our knowledge, there is no known general solution to this problem. Indeed, a solution is only available for a few examples: planes, spheres, or cylinders. Generally, the characterization of such curves, both in Euclidean (E 3 ) and in Lorentz-Minkowski (E 3 1 ) spaces, involves an ODE relating curvature and torsion. However, by equipping a curve with a relatively parallel moving frame, Bishop was able to characterize spherical curves in E 3 through a linear equation relating the coefficients which dictate the frame motion. Here we apply these ideas to surfaces that are implicitly defined by a smooth function, Σ = F −1 (c), by reinterpreting the problem in the context of the metric given by the Hessian of F , which is not always positive definite. So, we are naturally led to the study of curves in E 3 1 . We develop a systematic approach to the construction of Bishop frames by exploiting the structure of the normal planes induced by the casual character of the curve, present a complete characterization of spherical curves in E 3 1 , and apply it to characterize curves that belong to a non-degenerate Euclidean quadric. We also interpret the casual character that a curve may assume when we pass from E 3 to E 3 1 and finally establish a criterion for a curve to lie on a level surface of a smooth function, which reduces to a linear equation when the Hessian is constant.
Introduction
The study of curves is an important chapter of geometry. Besides its intrinsic importance, curves also play a major role in the analysis of surfaces, and manifolds in general. In particular, the consideration of curves that belong to a given surface, such as planar or spherical curves [1, 7, 21] , may be of great value. In this respect an interesting problem is "how can we characterize those (spatial) curves that belong to a certain surface Σ?". Despite the simplicity to formulate the problem, there is no known general solution to it except for a few cases: namely, when Σ is a plane [40] , a sphere [36, 40] , or a cylinder [33] . The solution for planar curves is quite trivial once we introduce the Frenet frame: the torsion must vanish. On the other hand, the characterization for spherical curves generally involves an ODE relating the curvature function and the torsion [36] , while the characterization for cylindrical curves involves a system of algebro-differential equations [33] . In the 70's, through the idea of equipping a curve with a relatively parallel moving frame, Bishop was able to characterize spherical curves through a linear equation relating the coefficients that dictate the frame motion [3] . The coefficients of such a Bishop frame admit a simple geometric interpretation and, besides its impact on the study of spherical curves, a Bishop frame also has the advantage of being globally defined even if a curve has points of zero curvature [3] . Naturally, it also finds applications in problems which make use of frames along curves, such as in rotation-minimizing frames in rigid body dynamics [13] , computer graphics and visualization [16] , robotics [35] , quantum waveguides [15] , integrable systems [32] , and also in mathematical biology in the study of DNA [6, 8] and protein folding [17] , just to name a few.
In the quest of spherical curves we should not restrict ourselves to the context of an Euclidean ambient space, (E 3 , ·, · ). Indeed, we can consider the more general setting of a Lorentz-Minkowski space, (E 3 1 , (·, ·) ), where one has to deal with three types of spheres: pseudo-spheres S 2 1 (P ; r) = F −1 P (r 2 ); pseudo-hyperbolic spaces H 2 0 (P ; r) = F −1 P (−r 2 ); and light-cones C 2 (P ) = F −1 P (0), where F P (x) = (x − P, x − P ) and (·, ·) has index 1. Indeed, it is possible to find characterizations of some classes of spherical curves scattered among a few papers: pseudo-spherical [2, 18, 28, 30, 31] and pseudo-hyperbolic curves [18, 29] via Frenet frame; and also curves on light-cones [11, 23, 24] by exploiting conformal invariants and the concept of cone curvature [22] . It is also possible to find constructions of Bishop frames on curves in E 3 1 for spacelike curves [4, 5, 26, 27] with a non-lightlike normal, and timelike curves [20, 26, 27] , along with several characterizations of spherical curves through a linear equation via Bishop frames [4, 5, 20, 27 ]. All the above mentioned studies in E 3 1 have in common that much attention is paid on the possible combinations of casual characters of the tangent and normal vectors, which makes necessary the consideration of several instances of the investigation of Bishop frames and spherical curves. Moreover, none of them take into account the possibility of a lightlike tangent or a lightlike normal. Naturally, this reflects in the incompleteness of the available characterizations of spherical curves in E Here we apply these ideas in order to characterize those spatial curves that belong to surfaces implicitly defined by a smooth function, Σ = F −1 (c), by reinterpreting the problem in the new geometric setting of an inner product induced by the Hessian, Hess F = ∂ 2 F/∂x i ∂x j . Although simple, this idea will prove to be very useful. Moreover, since a Hessian may fail to be positive definite, one is naturally led to the study of the differential geometry of curves in Lorentz-Minkowski spaces. In this work, we then present a systematic approach to moving frames on curves in E 3 1 . The turning point is that one should exploit the casual character of the tangent vector and the induced casual character on the normal plane only. In this way, we are able to furnish a systematic approach to the construction of Bishop frames in E 3 1 . This formalism allows us to give a complete characterization of spherical curves in E 3 1 . Finally, we present a necessary and sufficient criterion for a curve to lie on a level surface of a smooth function. More precisely, we present a functional relationship involving the coefficients of a Bishop frame with respect to the Hessian metric along a curve on Σ = F −1 (c), which reduces to a linear relation when Hess F is constant. In this last case, we are able to characterize spatial curves that belong to a given non-degenerate Euclidean quadric Q = {x : B(x − P ), (x − P ) = ρ}, ρ ∈ R constant, by using (·, ·) = B·, · . We also furnish an interpretation for the casual character that a curve may assume when we pass from E 3 to E 3 1 , which also allows us to understand why certain types of curves do not exist on a given quadric or on a given Lorentzian sphere, if we reinterpret the problem from E 3 1 in E 3 . To the best of our knowledge, this is the first time that this characterization problem is considered in a general context. This work is organized as follows. In Section 2 we review the construction of relatively parallel moving frames in Euclidean space according to Bishop. Section 3 is devoted to moving frames in Lorentz-Minkowski spaces: subsection 3.1 to Frenet frames in E 3 1 ; subsections 3.2 and 3.3 to Bishop frames along space-and timelike curves and their geometric interpretations, respectively; and, subsection 3.4, to null frames along lightlike curves. In Section 4 we characterize spherical curves in Lorentz-Minkowski spaces, i.e., curves on pseudo-spheres, pseudo-hyperbolic spaces, and light-cones. In Section 5 we characterize curves on a non-degenerate Euclidean quadric. In Section 6 we present a characterization of curves that lie on a regular level surface. And finally, in Section 7 we present our conclusions along with some open problems and directions of future research.
Moving frames on curves in E 3
Let us denote by E 3 the 3d Euclidean space, i.e., R 3 equipped with the standard metric ·, · . Given a regular curve α : I → E 3 parametrized by arclength, the usual way to introduce a moving frame along it is by means of the Frenet frame {t, n, b} [40] . However, we can also consider any other adapted orthonormal moving frame {e 0 (s), e 1 (s), e 2 (s)} along α(s), i.e., e 0 ∝ t and e i , e j = δ ij . The equation of motion of such a moving frame is given by a skew-symmetric 3 × 3 matrix. For the Frenet frame one of the entries of this matrix is zero and the other two are the curvature function κ and the torsion τ :
By introducing the notion of a relatively parallel vector field, Bishop considered a moving frame {t, n 1 , n 2 }, where n i are normal vectors to the unit tangent t, whose equation of motion is [3] d ds
The coefficients κ 1 and κ 2 relate with the curvature function and torsion according to [3]  
Remark 1 A vector field e(s) along α(s) is relatively parallel if the derivative of its normal component, e ⊥ , is a multiple of the unit tangent vector, i.e., de ⊥ /ds = η(s)t(s), and the tangent component is a constant multiple of t [3] .
Remark 2 Such a frame may be also named rotation minimizing frame, since n i does not rotate around t. In addition, it can be proved that n i is parallel transported along α(s) with respect to the normal connection of the curve [12] .
Observe that for a closed curve, α(s i ) = α(s f ), n 1 (s i ) will differ from n 1 (s f ), by an angular amount of ∆θ =
An advantage of such a relatively parallel moving frame, or Bishop frame for short 1 , is that it can be globally defined even if the curve is degenerate, i.e., if the curvature κ vanishes at some points [3] . Furthermore, it also allows for a simple characterization of spherical curves: 
Remark 3 Straight lines passing through the origin characterize planar curves which are not spherical [3] .
Finally, Bishop frames are not uniquely defined. Indeed, any rotation of n 1 and n 2 still gives two relatively parallel fields, i.e., there is an ambiguity associated with the group SO(2) acting on the normal plane. However, the coefficients still determine a curve up to rigid motions [3] . Moreover, κ-constant curves are represented in the normal development plane by circles centered at the origin with radius κ [3] , which can be seen as the orbits of the symmetry group SO(2).
In the following we shall extend this formalism in order to present a way of building Bishop frames along curves in E 3 1 and then apply it to furnish a unified approach to the characterization of spherical curves in E 3 1 (i.e., curves on pseudo-spheres, pseudo-hyperbolic spaces, and light-cones), curves on quadrics in E 3 , and finally characterize curves that lie on level surfaces of a smooth function by reinterpreting the problem in a new geometric setting.
3 Moving frames on curves in E 3 1 Let us denote by E 3 1 the vector space R 3 equipped with a pseudo-metric (·, ·) of index 1. In fact, the concepts below, and the construction of Bishop-like frames as well, are still valid in the context of a 3-dimensional semi-Riemannian manifold [38] , but to help intuition, the reader may keep in mind the particular setting of R 3 equipped with the standard Minkowski metric, i.e. (x, y) = x 1 y 1 + x 2 y 2 − x 3 y 3 . Naturally, in a more general context, the derivative of a vector field along a curve should be understood as a covariant derivative.
Before discussing the moving frame method on curves in E 3 1 , let us introduce some terminology and geometric properties associated with E 3 1 (for more details, we refer to [25, 38] ).
One property that makes the geometry in Lorentz-Minkowski spaces E 3 1 more difficult and richer than the geometry in E 3 is that curves and vector subspaces may assume different casual characters:
1 assumes one of the following casual characters:
The inner product (·, ·) induces a pseudo-norm defined by x = |(x, x)|. Given a vector subspace U ⊆ R 3 , we define the orthogonal complement U ⊥ in the usual way:
We have the following useful properties related to the casual characters of vector subspaces: Given two vectors u, v ∈ E 3 1 , the Lorentzian vector product, denoted by u × v, is the only vector that satisfies
where the columns of (u, v, w) are formed by the entries of u, v, and w. From these definitions, we say that a curve α : I → E If a curve is lightlike we can not define an arc-length parameter (in E 3 this is always possible). In this case, one must introduce the notion of a pseudo arc-length parameter, i.e., a parameter s such that (α ′′ (s), α ′′ (s)) = 1. More precisely, if α is a lightlike curve and (α ′′ , α ′′ ) = 0 (otherwise α ′′ and α ′ will be linearly dependent and the curve is a straight line), we define the pseudo arc-length parameter as
On the other hand, if α is not a lightlike curve, then the arc-length parameter is defined as usual
In the following we will assume every curve to be parametrized by the arclength or pseudo arc-length parameter.
Frenet frame in
The study of the local properties of a curve α ⊂ E 3 1 in a Frenet frame fashion becomes quite cumbersome due to the various possibility for the casual characters of the tangent and its derivative. In essence, there is a construction for each combination of the casual characters of t and t ′ . Let t(s) = α ′ (s) be the (unit) tangent and s the arc-or pseudo arc-length parameter. If t ′ is not a lightlike vector, let n = t ′ / t ′ be the normal vector. We shall denote by ǫ = (t, t) and η = (n, n) the parameters that enclose the casual character of the tangent and normal vectors. If t and n are not lightlike, then d ds
where b = t×n, and κ = (t ′ , n) and τ = (n ′ , b) are the curvature function and torsion of α, respectively 2 . Here E t,n,b = diag(ǫ, η, −ǫη) = [(e i , e j )] ij denotes the matrix associated with the frame {e 0 = t, e 1 = n, e 2 = b}.
If t is spacelike and t ′ is lightlike, we define n = t ′ , while b is the unique lightlike vector orthonormal to t that satisfies (n,
where
] ij denotes the matrix associated with the null frame {e 0 = t, e 1 = n, e 2 = b}.
Finally, if t is lightlike, we define n = t ′ (we assume this normal vector to be spacelike, otherwise α is a straight line), while b is the unique lightlike vector that satisfies (n, b) = 0 and (t, b) = −1. The Frenet equations are then
where τ = (n ′ , b) is the pseudo-torsion. Here E t,n,b = [(e i , e j )] ij denotes the matrix associated with the null frame {e 0 = t, e 1 = n, e 2 = b}.
Remark 4 In E
3 the coefficient matrix of a Frenet frame is always skewsymmetric. On the other hand, this does not happen in E 3 1 [26] . However, the above expressions show that the coefficient matrix can be obtained from a skew-symmetric matrix through a right-multiplication, or a left one if t ′ is lightlike, by the matrix E t,n,b = [(e i , e j )] ij associated with the respective Frenet frame {e 0 = t, e 1 = n, e 2 = b} in E 3 1 . This skew-symmetric matrix is precisely the coefficient matrix that we would obtain for a Frenet frame in E 3 . Let us mention that when t ′ is lightlike it does not mean that the curvature function is κ = 1; a curvature is not well defined for such curves [25] .
Remark 5
In the following, when discussing Bishop frames in E 3 1 along nonlightlike curves and null frames along lightlike curves, we will see that the coefficient matrix can be obtained from a skew-symmetric matrix (precisely the matrix that we would obtain for a Bishop frame in E 3 ) through a rightmultiplication by the matrix associated with a convenient basis.
Relatively parallel moving frames along spacelike or lightlike curves
A quite complete and systematic approach to the problem of the existence of Bishop-like frames along curves in E 3 1 was presented byÖzdemir and Ergin [27] , where they build Bishop-like frames on timelike and spacelike curves with a non-lightlike normal. However, as in the Frenet frame case, they also paid much attention to the casual character of t ′ . Here, we show that one must exploit the structure of the normal plane inherited from the casual character of t in order to build a unified treatment of the problem. More precisely, instead of considering the problem for each combination of the casual character of t and t ′ , one must pay attention to the symmetry associated with the problem, which is reflected in an ambiguity in the definition of a Bishop frame. The study of moving frames along curves in E 3 1 is then divided in three cases only: (i) timelike curves; (ii) spacelike curves; and (iii) lightlike curves. As a direct consequence, the characterization of spherical curves can be split along three Theorems only.
Definition 3 A vector field e(s) along a curve α : I → E 3 1 is relatively parallel if the derivative of its normal component is a multiple of the unit tangent vector t = α ′ and its tangent component is a constant multiple of t.
Let α : I → E 3 1 be a timelike curve. Since t is a timelike vector, the normal plane N α(s) = span{t(s)} ⊥ is spacelike. To prove the existence of relatively parallel moving frames, let x 1 and x 2 = t × x 1 be an orthonormal basis of N α . The frame {t, x 1 , x 2 } satisfies the following equations d ds
for some functions p ij , where E t,x1,x2 = [(e i , e j )] ij denotes the matrix associated with the time-oriented frame {e 0 = t, e k = x k }. Let θ be a smooth function such that x = L cos θ x 1 + L sin θ x 2 , where L is a constant. Then,
Thus, it follows that x is relatively parallel if and only if θ ′ + p 12 = 0. By the existence of a solution θ(s) for any initial condition, this shows that relatively parallel vector fields do exist along timelike curves. Observe that Bishop frames are not unique. Indeed, any rotation of the normal vectors still gives two relatively parallel vector fields, i.e., there is an ambiguity associated with the group SO(2).
On the other hand, if α :
1 is a spacelike curve, t is a spacelike vector and then the normal plane N α(s) = span{t(s)} ⊥ is timelike. In a Frenet frame fashion, the study is divided into three cases, depending on the casual character of t ′ ∈ N α , i.e., if t ′ is a space-, time-, or lightlike vector. But, if we only take into account the structure of N α , this is no longer necessary.
To prove the existence of relatively parallel moving frames along spacelike curves, let y 1 ∈ N α be a timelike vector and let y 2 = t × y 1 be spacelike. Then, the frame {t, y 1 , y 2 } is an orthonormal time-oriented basis of E 3 1 along α. The frame {t, y 1 , y 2 } satisfies the following equation of motion d ds
for some functions p ij , where E t,y1,y2 = [(e i , e j )] ij denotes the matrix associated with the time-oriented frame {e 0 = t, e k = y k }. Let θ be a smooth function such that y = L cosh θ y 1 + L sinh θ y 2 , where it is used hyperbolic trigonometric functions because the normal plane is timelike. Then, we have
. (13) Thus, it follows that y is relatively parallel if and only if θ ′ + p 12 = 0. By the existence of a solution θ(s) for any initial condition, this shows that relatively parallel vector fields do exist along spacelike curves. As in the previous case, observe that Bishop frames are not unique. Indeed, any (hyperbolic) rotation of the normal vectors still gives two relatively parallel vector fields, i.e., there is an ambiguity associated with the group SO 1 (2), which is a component of the symmetry group of a Lorentzian plane E 2 1 [25, 38] . When n has a distinct casual character from that of n 1 , then we can not obtain n, b from a SO 1 (2)-rotation of n 1 , n 2 , i.e., there exists no M ∈ SO 1 (2) such that M (n) = n 1 and M (b) = n 2 . In this case, we must first exchange n 1 and n 2 and then rotate them [27] . However, we can still read the information about the casual character of n, including the lightlike case, from the "circles" of the normal plane, i.e., the orbits of O 1 (2), see figure 1 and Proposition 2 below. Now we put together the above mentioned existence results of relatively parallel vectors on non-lightlike curves. Let {n 1 , n 2 } be a basis for N α formed by relatively parallel vectors such that
where ǫ = (t, t) = ±1 and we have defined the Bishop curvatures
Then, defining ǫ 1 = (n 1 , n 1 ) = ±1, we can write the following equation of motion d ds
where E t,n1,n2 = [(e i , e j )] ij denotes the matrix associated with the timeoriented frame {e 0 = t, e k = n k }. The numbers ǫ and ǫ 1 determine the casual character of t and n 1 , respectively, and since n 2 = t × n 1 , we have ǫ 2 = (n 2 , n 2 ) = −ǫǫ 1 = +1. So, in this case E t,n1,n2 = diag(ǫ, ǫ 1 , −ǫǫ 1 ). Fig. 1 The geometry of the normal development (κ 1
Geometry of the normal development of spacelike and timelike curves
The normal development of α(s) is the planar curve (κ 1 (s), κ 2 (s)). After proving the existence for Bishop moving frames on non-lightlike curves the natural question is how to relate the Bishop curvatures κ 1 , κ 2 to the geometry of the curve which defines them.
From the Frenet equations we have
where η = (n, n) ∈ {−1, 0, +1}. Then we have the following relations (see figure 1) : Proof Suppose a κ 1 + b κ 2 = 0 for some constants a and b. Defining x(s) = an 1 (s) + bn 2 (s) ∈ N α(s) = span{t(s)} ⊥ . It follows that x is constant and also that (α, x)
Thus, (α(s), x) is constant and then (α(s) − α(s 0 ), x) = 0. So, α is a planar curve. Conversely, let α be contained on a plane (α(s) − α(s 0 ), x) = 0. Since the tangent t also belongs to this plane, we can write x = an 1 + bn 2 for some constants a, b. Then,
Thus, aκ 1 + bκ 2 = 0 or (α − α 0 , t) = 0. In this last case, the curve would be spherical. Indeed, if it were (α − α 0 , t) = 0, then
is the equation of a spherical curve (see theorems on Section 4 below).
⊓ ⊔
Remark 7
If the pseudo-torsion of a spacelike curve with a lightlike normal vanishes, then the curve is planar (the converse is not true. Indeed, López [25] gives an example of a curve which is planar and has a non-zero pseudo-torsion). However, it follows from the above propositions that all spacelike curves with a lightlike normal are planar, no matter the value of the pseudo-torsion.
Moving frames along lightlike curves
It is not possible to define a Bishop frame along lightlike curves, we can not even define an orthonormal frame. In this case we must work with the concept of a null frame (see Inoguchi and Lee [19] for a survey on the geometry of lightlike curves and null frames along them). As in the previous case, we will introduce along α a (null) frame by exploiting the structure of the normal plane only. Let α : I → E 3 1 be a lightlike curve. In this case, since α ′ is a lightlike vector, the normal plane N α(s) = span{α ′ (s)} ⊥ is lightlike and α ′ ∈ N α . So, we have N α(s) = span{α ′ (s), z 1 (s)}, where z 1 is a unit spacelike vector. Denote by t = α ′ the tangent vector. If t ′ is spacelike, then we can assume α parametrized by pseudo arc-length. Let z 2 be the lightlike vector orthogonal to z 1 and satisfying (t, z 2 ) = −1. In this case, the equations of motion are d ds
, and κ 3 = (z ′ 2 , t). Here E t,n,b = [(e i , e j )] ij denotes the matrix associated with the null frame {e 0 = t, e 1 = n, e 2 = b}.
The coefficient κ 1 plays a significant role on the theory of moving frames along lightlike curves.
Remark 8 If t
′ is spacelike and if we take z 1 = t ′ = n, then z 2 = b and κ 1 = 1, κ 2 = τ and κ 3 = 0. However, the Frenet frame is not defined when t ′ is lightlike. Here, the presence of κ 3 allows for a description of lightlike curves regardless of the casual character of t ′ .
Proposition 4 A lightlike curve α : I → E Proof If κ 1 = 0, then t ′ = κ 3 t. Integration of this equation gives α = α 0 + ( e κ3 )t 0 , where α 0 and t 0 are constants. Then, α is a straight line. Conversely, let α = α 0 + f t 0 , with f a smooth function. Taking derivatives, it is easy to verify that κ 1 = 0. Now, suppose κ 1 = 0, so if α is parametrized by pseudo arc-length we have
as expected. ⊓ ⊔ 4 Characterization of spherical curves in E 3 1 In E 3 the function F (x) = x − P, x − P is non-negative. A sphere of radius r and center P in E 3 , S 2 (P ; r), is then defined as the level sets of F , i.e. x − P, x − P = r 2 (if r = 0 the sphere degenerates to a single point). On the other hand, in E 3 1 the function F 1 (x) = (x − P, x − P ) may assume any value on the real numbers. So, in E 3 1 we still define spheres as the level sets of F 1 , but one must consider three types of spheres, depending on the sign of F 1 . We shall adopt the following standard notations:
and
where r ∈ (0, ∞). These spheres are known as pseudo-sphere, light-cone, and pseudo-hyperbolic space, respectively. As surfaces in E [25], respectively 3 . It is well known that the Minkowski metric restricted to H 2 0 (P ; r) is a positive definite metric. Then, it follows that H 2 0 (P ; r) is a spacelike surface and, consequently, there is no lightlike or timelike curves in H 2 0 (P ; r). On the 3 If we see them as surfaces in E 3 , their Gaussian curvatures are not constant and, additionally, for S 2 1 (P ; r) it is negative, while for H 2 0 (P ; r) it is positive.
other hand, light-cones are lightlike surfaces [25] and, consequently, there is no lightlike curves on them. The pseudo-sphere is the only one that has the three types of curves [19, 25] : 
Remark 9
When a curve is spacelike the normal plane is timelike and then the distance in the normal development plane should be understood as the distance induced by the restriction of (·, ·) on the normal plane. So, circles in this plane metric are hyperbolas.
Proof of Theorem 2. Denote by Q a sphere H 2 0 (P ; r) or S 2 1 (P ; r). If α lies in Q, then taking the derivative of (α − P, α − P ) = ±r 2 gives
This implies that α − P = a 1 n 1 + a 2 n 2 . Now, let us investigate the coefficients a i . Since a i = ǫ i (α − P, n i ), where ǫ i = (n i , n i ), we have
Therefore, the coefficients a 1 and a 2 are constants. Finally, taking the derivative of Eq. (25), we find
Thus, the normal development (κ 1 , κ 2 ) lies on a straight line 1+ǫa 1 X +ǫa 2 Y = 0 not passing through the origin. If Q = S 2 1 (P ; r), then r 2 = (α − P, α − P ) = ǫ 1 a Conversely, assume that 0 = 1 + ǫa 1 κ 1 + ǫa 2 κ 2 for some constants a 1 and a 2 . Define the point P = α − a 1 n 1 − a 2 n 2 . Then P ′ = t + (a 1 ǫκ 1 + a 2 ǫκ 2 )t = 0 and therefore P is a fixed point. It follows that α lies on a sphere of nonzero radius and center P : (α − P, α − P ) = ǫ 1 a
For spacelike curves on light-cones (as mentioned before there is no timelike curve on light-cones: Lemma 1) we have an analogous characterization: Proof Let α be a curve in C 2 (P ) with (t, t) = 1 and (n 1 , n 1 ) = −1, i.e., ǫ = 1 and ǫ 1 = −1. Now taking the derivative of (α − P, α − P ) = 0 gives (α − P, t) = 0.
This implies that α − P = a 1 n 1 + a 2 n 2 . Since a i = ǫ i (α − P, n i ), where ǫ i = (n i , n i ), we have
Therefore, the coefficients a 1 and a 2 are constants. Finally, taking the derivative of Eq. (28), we find
Thus, the normal development (κ 1 (s), κ 2 (s)) lies on a straight line 1 + a 1 X + a 2 Y = 0 not passing through the origin. Moreover, 0 = (α − P, α − P ) = −a
, which implies a 2 = ±a 1 . Conversely, assume that 0 = 1 + a 1 κ 1 ± a 1 κ 2 for some constant a 1 . Define the point P = α − a 1 n 1 ∓ a 1 n 2 , which satisfies P ′ = t + (a 1 κ 1 ± a 1 κ 2 )t = 0. In other words, P is a fixed point and it follows that α lies on a light-cone C 2 (P ) of center P .
⊓ ⊔
For lightlike curves we are not able to use a Bishop frame. However, by using null frames, we can still state a criterion for a lightlike curve be contained on pseudo-spheres or light-cones (trying to follow steps as in the previous cases does not work, due to the lack of good orthogonality properties). In fact, the following results are generalizations of those of Inoguchi and Lee [19] for pseudo-spherical lightlike curves.
Theorem 4 If a C
2 regular lightlike curve α : I → E Proof Let Q be a sphere of non-negative radius denoted by Q = {x : (x − P, x − P ) = ρ} where ρ = r 2 (r > 0) or 0, i.e., Q is a pseudo-sphere S 2 1 (P ; r) or a light-cone C 2 (P ). If α ⊆ Q, taking the derivative of (x − P, x − P ) = ρ gives (t, x − P ) = 0.
Deriving the above equation gives
If κ 1 were not zero, then we would find (z 1 , x − P ) = 0, which by taking a derivative again gives (z 2 , x − P ) = 0. From these two last equations, and from Eq. (31), we would conclude that x − P = 0, which is not possible. In short, the curve must satisfy κ 1 = 0. Finally, by Proposition 4 it follows that α must be a straight line.
⊓ ⊔
Remark 10 Surfaces in a semi-Riemannian manifold M 3 1 have an interesting property: a lightlike curve is always a pregeodesic, i.e., there exists a parametrization that makes the curve a parametrized geodesic [38] . In R 3 equipped with the standard Minkowski metric, a lightlike curve is a geodesic if and only if it is straight line [19] .
The converse of the above theorem is not true. In fact, taking (·, ·) as the standard Minkowski metric, the straight line α(τ ) = (0, 0, τ ) does not lie on any pseudo-sphere or light-cone. However, we have the following partial converse:
Proposition 5 Let α 0 ∈ Q(P ; ρ) = {x : (x − P, x − P ) = ρ} be a point on a pseudo-sphere or light-cone, i.e., ρ = r 2 (r > 0) or = 0. If u ∈ T α0 Q(P ; ρ) is a lightlike vector, then for any smooth function f (τ ) the curve α(τ ) = α 0 +f (τ ) u is a lightlike straight line that lies on Q(P ; ρ).
Proof Using that u ∈ T α0 Q(P ; ρ) implies (α 0 − P, u) = 0, we find
So, the desired result follows. ⊓ ⊔
Characterization of curves on Euclidean quadrics
Quadrics are the simplest examples of level surfaces and understanding how the characterization works in this particular instance will prove very useful. Indeed, it will become clear in the following that the proper geometric setting to attack the characterization problem on a surface Σ = F −1 (c) is that of a metric induced by the Hessian of F .
Points on a quadratic surface Q ⊂ R 3 can be characterized by a symmetric matrix B ∈ M 3×3 (R) as
where P is a fixed point (the center of Q), r > 0 is a constant (the radius of Q), and ·, · is the canonical inner product on R 3 . Naturally, if the symmetric matrix B has a non-zero determinant, then this non-degenerate quadric induces a metric or a pseudo-metric on R 3 by defining
If the matrix B has index 0, then Q is an ellipsoid and it can be seen as a sphere on the 3-dimensional Riemannian manifold M 3 = (R 3 , B ·, · ). The characterization of those spatial curves that belong to an ellipsoid can be made through a direct adaption of Bishop's characterization of spherical curves in E 3 [12] . Indeed, one just uses the metric B ·, · instead of ·, · and then follows the steps on the construction of a Bishop frame in E 3 . On the other hand, if the matrix B has index 1, then Q is a one-sheeted hyperboloid and can be seen as a pseudo-sphere on a Lorentz-Minkowski space E 3 1 = (R 3 , B ·, · ). If B has index 2, Q is then a two-sheeted hyperboloid and can be seen as a pseudohyperbolic plane on a Lorentz-Minkowski space E 3 1 = (R 3 , −B ·, · ). This way, the results on the previous section can be applied in order to characterize those spatial curves that belong to a (one or two-sheeted) hyperboloid.
Since the characterization of curves on a quadric is made be reinterpreting the problem on a new geometric setting, a natural question then arises: How do we interpret the casual character that a spatial curve assumes when we pass from E 3 to E 3 1 ? This question can be answered if we take into account the following expression for the normal curvature on a level surface Σ = F −1 (c) [10] 
where v ∈ T p Σ, and Hess F and ∇F are the Hessian and the gradient vector of F , respectively (for more details involving the expressions for the curvatures of level set surfaces see [14] ). Then, we have the following interpretation:
Proof Quadrics are level sets of F (x) = B (x − P ), x − P and Hess F = B. Now, since the quadric is non-degenerate, we have that Q is the inverse image of a regular value of F . So, we can apply Eq. (36) .
Based on these constructions we can better interpret why pseudo-spheres S 2 1 have both space-and timelike tangent vectors, while pseudo-hyperbolic planes H 2 0 only have spacelike ones. Indeed, Eq. (36) shows that the sign of the Gaussian curvature (in E 3 ), K E 3 , has an impact on the casual character of the tangent plane: points with K E 3 > 0 have spacelike tangent planes, while points with K E 3 < 0 have timelike tangent planes.
Finally, observe that quadrics are level sets of F (x) = B(x − P ), x − P , which has a constant Hessian: Hess F = B. This motivates us to consider this procedure for any level surface.
Curves on level surfaces of a smooth function
Let Σ be a surface implicitly defined by a smooth function F : U ⊆ R 3 → R. Then, the Hessian of F induces on R 3 a (pseudo-) metric
By using Eq. (36), Proposition 6 is still valid for Σ in the context of a Hessian pseudo-metric. Moreover, if det(Hess p F ) = 0, then Hess F is non-degenerate on a neighborhood of p. Likewise, since the eigenvalues vary continuously [39] and the index can be seen as the number of negative eigenvalues, the Hessian Hess F has a constant index on an open neighborhood. Then, (·, ·) in Eq. (37) is well defined on a neighborhood of a non-degenerate point p. Now we ask ourselves if the techniques developed in the previous sections can be applied to characterize curves that lie on a level surface. Unhappily, we are not able to establish a characterization via a linear equation as previously done. Nonetheless, we can still exhibit a functional relationship between the curvatures κ 1 and κ 2 of a Bishop frame of the corresponding curves with respect to the Hessian metric. Before that, let us try to understand the technical difficulties involved in the study of level surfaces:
Example 1 (index 1 Hessian) Suppose that index(Hess F ) = 1 on a certain neighborhood of a non-degenerate point p. Let α : I → E 3 be a curve on a regular level surface Σ = F −1 (c) whose velocity vector α ′ ∈ T α(s) Σ is not an asymptotic direction for all s ∈ I, i.e. κ n (α(s), α ′ (s)) = 0. This means that the curve is timelike or spacelike. Denote by {t, n 1 , n 2 } a Bishop frame along α, with respect to Eq. (37) , and denote by D the covariant derivative and by a prime ′ the usual one. From F (α(s)) = c it follows that
where grad α F denotes the gradient vector with respect to (·, ·). The coefficients a 1 and a 2 satisfy a i = ǫ i (grad α F, n i ) and, therefore,
where H F denotes the Hessian with respect to (·, ·), whose coefficients can be expressed as [38] 
From this expression we see that a ′ i does not need to be zero and then we can not apply the same steps as in the previous sections. Indeed, the orthogonality of the Bishop frame {t, n 1 , n 2 } with respect to Hess F = ∂ 2 F/∂x i ∂x j and H If 
, where c is a regular value of F , then Σ is an orientable surface. The reciprocal of this result is also valid, i.e., every orientable surface is the inverse image of a regular value of some smooth function [37] . Then, the above theorem can be applied to any orientable surface (we still have to exclude those points where the Hessian has a zero determinant).
Proof of theorem 5. If the index is 0, then the Hessian metric defines a Riemannian metric (if index(Hess F ) = −3, then its negative defines a metric). On the other hand, the construction of a Bishop frame for a pseudo-metric with index 2 in dimension 3 is completely analogous to the case of index 1. Moreover, when the index of Hess F is 1 (or 2), the assumption that α ′ is not an asymptotic direction means that α must be a space-or a timelike curve.
In the following, let us assume that index(Hess F ) = 1, the other cases being analogous. In this case, Eq. (37) defines a pseudo-metric in
where H F denotes the Hessian with respect to (·, ·) [38] . Taking the derivative of Eq. (42) gives
Then, Eq. (41) is satisfied. Conversely, suppose that Eq. (41) is satisfied. Let us define the function f (s) = F (α(s)). We must show that f is constant, i.e., f ′ (s) = 0. Taking the derivative of f twice gives
and If Hess F degenerates, i.e., det(Hess p F ) = 0 at some points, then the Hessian matrix does not define a metric. Nonetheless, it is still possible to characterize curves on a level surface by using the standard metric of R 3 . In fact, it can be used even if Hess F is non-degenerate, but in this case we do not have non-degenerate quadrics as a particular instance. The obtained criterion is completely analogous to the previous one in Theorem 5. Indeed, we have
where Proof Let {t, n 1 , n 2 } be a Bishop frame along α : I → E 3 . If F (α(s)) = c, then we have
where ∇ α F denotes the gradient vector with respect to usual metric in E 3 . The coefficients b 1 and b 2 satisfy b i = ∇ α F, n i and, therefore, 
and f ′′ = (Hess F ) t, t + κ 1 ∇ α F, n 1 + κ 2 ∇ α F, n 2 = 0.
Then, f ′ (s) = ∇ α(s) F (s), t(s) is constant. By assumption, we have f ′ (s 0 ) = 0, then f (s) = F (α(s)) is constant on an open neighborhood of s 0 , i.e., α lies on a level surface of F . ⊓ ⊔
Discussion and Conclusions
In this work we were interested in the characterization of curves that lie on a given surface. The main tool to achieve that was the use of moving frames along curves. In the construction of Frenet frames in Lorentz-Minkowski spaces E 3 1 , we showed that the coefficient matrix of the frame motion can be obtained from a skew-symmetric matrix (precisely the matrix that would appear in an Euclidean context) through a right-multiplication by the matrix that describe a frame {e 0 , e 1 , e 2 } as a basis of E 3 1 : [(e i , e j )] ij . Later, by adapting Bishop's idea of relatively parallel moving frames, we were able to furnish a complete characterization of spherical curves in E 3 1 through a linear equation relating the coefficients which dictate the frame motion. To attain that, we developed a systematic approach to the construction of Bishop frames by exploiting the structure of the normal planes induced by the casual character of the curve, while for lightlike curves we made use of null frames. In both cases, the coefficient matrix of the frame motion can be obtained from a skew-symmetric matrix, the matrix that would appear in an Euclidean context, through a right-multiplication by the matrix that describes the frame as a basis. We then applied these ideas to surfaces that are level sets of a smooth function, Σ = F −1 (c), by reinterpreting the problem in the context of the metric given by the Hessian of F , which is not always positive definite. So, we are naturally led to the study of curves in E 3 1 . We also interpreted the casual character that a curve may assume when we pass from E 3 to E 3 1 and finally established a criterion for a curve to lie on a level surface of a smooth function, which reduces to a linear equation when the Hessian is constant and happens for non-degenerate Euclidean quadrics.
An interesting problem which remains open is to consider the possibility of a curve changing its casual character. Since the property of being space-or timelike is open, i.e., if it is valid at a point it must be valid on a neighborhood of that point, the real problem is to understand what happens near lightlike points. Moreover, the techniques applied here can be extended to higher dimensions and also to the setting of a Riemannian or a semi-Riemannian manifold M n ν . Indeed, we believe that it is possible to systematically build Bishop and null frames along curves in M n ν as done in this work and then apply these constructions to study level hypersurfaces of a smooth function F : M 3 ν → R. Since the relation between normal curvature and the Hessian with respect to a (pseudo)-metric is still valid, we can also interpret what happens in the transition from M n ν to the new geometric setting of a Hessian metric, which may be of a Lorentzian nature since the Hessian may fail to be positive definite.
To the best of our knowledge, this was the first time that the characterization problem for curves was considered for a large class of surfaces. This makes this work an important contribution to the geometry of curves and surfaces.
